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Behaviour of Nematic Liquid Crystals 
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Lebedev Physical institute, USSR Academy of Sciences, 
Leninsky prospeci 53, Moscow 

(Received August 1 1 ,  1978: infinal,forrn March 23, IY79) 

The behaviour of homogeneously aligned nematic liquid crystal layers in inhomogeneous 
electric fields has been theoretically and experimentally investigated. The variation of the phase 
retardation of monochromatic light along nematic liquid crystal layer at the edges of a cell 
electrode has been obtained. Anisotropic character of the resolution of liquid crystal devices is 
shown. 

INTRODUCTION 

Nematic liquid crystals (NLC) are potentially useful electrooptical materials 
for displays’ and space-time light modulators (SLM) for optical information 
proce~sing.’~~ One of the most important characteristics of displays and of 
SLM particularly is spatial resolution. Spatial resolution of certain liquid- 
crystal devices, e.g. of image converters based on photosemiconductor-liquid 
crystal  structure^^.^ and electrically-controlled diffraction gratings,6 has been 
experimentally measured. But, to determine the maximum possible resolu- 
tion, one should take into account NLC parameters, the aligning technique 
and the spatial variation of the controlling electric fields, i.e. boundary 
conditions for the NLC layer. Since the field effects extensively applied in 
SLM1v3 have been investigated in detail for the case of homogeneous electric 
fields, the main difficulty in solving this problem lies, obviously, in the 
anisotropic interaction of the NLC layer with the substrate surface and 
inhomogeneous electric field. 

In the present paper, a method is proposed for the theoretical and experi- 
mental investigation of NLC layer deformation in an inhomogeneous electric 
field. The possibilities of this method are revealed in studying matrix- 
addressed phase SLM based on the field effect7,* in uniformly aligned NLC 
layers with positive dielectric anisotropy. 
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v 

F I G U R E  1 
orientation with no applied voltage. 

Schematic representation of matrix-addressed SLM. I represents the director 

BASIC D E FI N IT10 NS 

A part of the NLC layer located between cross bar electrodes ("X" and " Y" 
electrodes) of the matrix SLM is shown schematically in Figure 1. Suppose 
the long axes of NLC molecules are homogeneously aligned along X -  
electrodes in the initial state, i.e. with no voltage applied to the electrodes. If 
the NLC possesses positive dielectric anisotropy, i.e. 

(1) 
( E ~  and E~~ are dielectric constants in the perpendicular and parallel directions 
to the main molecular axis), then the voltage I/ exceeding the threshold value 

A& = Ell - E l  > 0 

causes splay deformation" in NLC layer. This deformation leads to mole- 
cular re-orientation and is characterized by elasticity constant K 

Consider now areas of NLC layer adjacent to edges of the electrodes 
connected with the power source. Let the width of electrode stripes d and the 
space C between them meet the requirements: 

d P L ;  C 5 3 L  (3) 
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tZ 

X 0 X 0 
U b 

F I G U R E  2 Basic geometrical relationships for type “ u ”  and type “h ”  regions. 

where L, is the NLC layer thickness. Then one may neglect the influence of 
neighbouring electrodes and consider the boundary regions designated in 
Figure 1 by letters a and b to be semi-infinite capacitors (see Figure 2). 
Figure 1 shows that two types of orientation of the long molecular axes 
(director) are realized in matrix SLM, i.e. director is perpendicular to electrode 
boundaries in a-regions, and is parallel to X-electrode boundaries in b- 
regions. 

As shown in Figure 2 let us choose a rectangular coordinate system (x, y ,  z )  
coupled with the boundary of the upper semi-infinite capacitor electrode, so 
the origin 0 is in the centre of the infinite bottom electrode extending to co in 
both & x and & y directions. The potential of the infinite electrode is supposed 
henceforth to be equal to zero and the potential of the semi-infinite electrode is 
equal to the voltage V, applied to the cell electrodes. Since the electrode 
boundary is parallel to the Y-axis, the potential distribution V in the NLC 
layer depends only on X and 2: 

v = V ( X ,  Z )  (4) 

( 5 )  

and the electric field component E, is equal to 0: 

- V V  = E(X, Z )  = {E,(X, 2); 0; E,(X, Z ) }  

It is convenient to describe space location of director orientation I by 
angular coordinates 8(X,  2) and q ( X ,  2) (see Figure 2). Obviously, in case 
“a”  q ( X ,  Z )  = n/2 at any voltage on the electrodes. In case “b” the presence 
of field component E x  should result in the deviation of cp angle from the 
initial value q ( X ,  Z )  = 0. 

Re-orientation of NLC molecules under the electric field causes appropriate 
changes of the refractive index of the NLC layer. In this way in SLM the phase 
or amplitude (with polarizers present) modulation of the passing light is 
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I96 V. G. CHIGRINOV. I. N.  KOMPANETS, A N D  A. A. VASlLlEV 

performed. The phase retardation A@ for a collimated monochromatic light 
beam incident at the normal to NLC layer surface therefore may be calculated 
by means of the equation equally valid for both a and b cases:’ 

where nll and nl are the principal values of NLC refractive index for the light 
with electric vector parallel or perpendicular to the optical axis respectively. 
Phase retardation is independent of the angle tp, which determines only the 
optical activity of the NLC layer. But the total rotation of polarization plane 
in our case is equal to zero, since 

tpIz=o = tpIZ=L 17) 
which follows from (Eq. 14b) (see below). 

The resolution of the matrix-addressed SLM is determined by the width of 
the space-transient region? where the phase retardation changes from AQ0, 
corresponding to homogeneous field (voltage V, across NLC layer), up to 
A@,,,, which is equal to : 

in regions where electric field is absent. 

CALCULATION OF DIRECTOR SPACE DISTRIBUTIONS AND 
PHASE RETARDATION IN TRANSIENT REGION 

Suppose, the cell is excited by an ac voltage I/ 2 K,, whose frequency o, is 
sufficiently high to make it possible to neglect the conductivity currents j in 
comparison with displacement currents dD/dt, i.e. 

where d and 8 are dielectric and conductivity tensors respectively. Using a 
specific type of 2 and 8 tensors for homogeneously aligned NLC layer with 
A& > 0 one may transform inequality Eq. (9) in 

EIO 9 4nCl 

the following way: 

(10) 

t “Space-transient region” is introduced analogously 
schemes. 

to transient processes in electric 
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BEHAVIOUR OF NEMATIC LIQUID CRYSTALS 197 

In this case the mechanism of NLC molecule re-orientation is purely 
dielectric, and the free energy of the NLC layer possessing an electric field of 
the type described in (Eq. 5 )  is: 

a 9  ae 
2 - w  ax ax 

a Y  
ax 

9 = f J w  dx JoLdz[Kll(cos 8 cos 9 ’ ~  - sin 8 sin Y - 

cos2 6 - sin 8 cos 8 sin Y ~ 

ax 
ae 

ax aZ - cos Y ”)’ + K3,{ (sin 8 - + cos 0 sin Y - 

+ cos e sin ~ 

ax 
A& 
4n - - ( E , E ,  sin 28 sin 9’ + E;  cos2 8 sin2 Y + E: sin’ 0) 

where kii(i = 1,2, 3) are elastic constants of NLC.” 
In steady-state electric fields satisfying Eq. (lo), the minimum of the 

functional Eq. (1 1) corresponding to the equality between dielectric and 
elastic moments per unit volume of NLC, can be obtained at e ( X ,  2) and 
Y ( X ,  Z )  which satisfy Euler equation: 

(for the case “a ”  (Y = n/2)) and 

(12b) 

Equations (12a) and (12b) are linear in 0 and cp only for small deviations 
for the case “b”. 

from the initial position of the director: 

(13) sin 8 - 8, cos 6 - 1 
sin cp - cp, cos cp - 1 

(case “a”  and “b”) 
(case “b”) 

at any X and 2. 
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I98 V. G. CHIGRINOV, I. N. KOMPANETS, AND A. A. VASILIEV 

The boundary condition corresponding to “strong anchoring” of the 
director on substrates is: 

for the case “a ”  

ei,=, = OI,=, = o 

el,=,, = = o 
for the case “b” 

cp lz=o = cpIz=L = 0 

As 8 and cp are the functions of two variables, one must set boundary 
condition on the closed curve in the plane ( X ,  2). The fact that at a sufficiently 
long distance from semi-infinite electrode boundary the electric field in the 
NLC layer becomes homogeneous can be used to obtain correct boundary 
conditions, i.e. 

a tx- ,  -cc (15) 
vo 
L 

N -  
4zD, 

cl sin’ 8 + cIl cos2 8 
(El = E,  = 

(this holds if conditions Eq. (13) are observed) 

( E I = O  a t x - r m  

As follows from Eq. (15) for the case “a ”  and “b” we have: 

eix-tm = 0;  eix+m = e,(z) ( 164  

~ l x - * c o  = 0 ( 16b) 

Furthermore, for the case “b” 

d,(Z) function in Eq. (16a) is the solution of Eq. (12a) with boundary con- 
ditions Eq. (14a) in a homogeneous electric field E - V,/L (see, for 

The electric field in the NLC layer satisfies Maxwell equation 

(V(&E)) = 0 (17) 
Under condition Eq. (13), when 

AE sin’ 8 $ E~ (cases “a” and “b”); 

AE sin’ Y 6 cl (case “b”) (18) 
Eq. (17) appears in the form 

a v  a2v 
ax aZ 
a v  a v  
axz az2 

clI + cl = 0 (in the case “a ” ) ;  

__ + __ = 0 (in the case “b”) 
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BEHAVIOUR OF NEMATIC LIQUID CRYSTALS 199 

In dimensionless coordinates 

Eqs. (19) (“a, b”) are transformed into Laplace equation 

The solution of Eq. 21 with the boundary condition of the semi-infinite 
capacitor 

has the following form;” 

VO 
na(X’, Z’)’ 

V(X’ ,  Z’ )  = 

where a ( X ,  Z ’ )  is derived from the following system of equations: 

X’ - 1 = b + cos a .  exp(b) 
Z‘ = a + sin a .  exp(b) 

O < a < n ,  - a < b < ~  (24) 
The voltage Vo is chosen for phase retardation A@,, of the passing light with 
the wavelength of 633 nm to follow the condition : 

A@,,,ax - A 0 0  = z (25) 

corresponding to the maximum depth of phase (or amplitude) modulation. 
Finally in the “a” case the process of NLC layer deformation in the 

electric field Eq. (23) is described by the Equation derived from Eq. (12a), 
taking into account Eq. (20), (2) and the equation of motion for the director 
(see for example:’ 

(26) 
where t’ = kllt/y,L2, is the normalized dimensionless time (yl is the coef- 
ficient of viscosity, t = time); = k33El/(kl l ~ l l ) .  
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200 V. G.  CHIGRINOV, I .  N .  KOMPANETS, A N D  A. A. VISILIEV 

To solve Eq. (26) numerically one should replace the boundary conditions 
Eq. (14a) by the approximate boundary conditions, given in a certain finite 
rectangular region (x; I x’ I x;, 0 I z’ I n): 

qX;, z’) = e,y), qX;, z ~ )  = 0, 

qx‘, 0) = 0, o (~ ’ ,  n) = o (27) 
Small values of the electric field deviation E,  from (- V,/L) at x’ = xL, and 

from zero at x’ = xu, provide the criterion in choosing the boundary con- 
ditions. 

In order to calculate the director distribution 6(X’, Z’), and phase retarda- 
tion AQ,,, - AO(X’), Eq. (26) with boundary conditions Eq. (27) was solved 
numerically together with Eqs. (6 and 25). The equations were solved with 
the help of locally-one-dimensional difference scheme. 

The calculation of the director distribution for the case “b” is a more 
complicated task. The system of Eqs. (12b) having boundary conditions for 
6(X’, 2 )  which correspond to Eq. (27), and with the boundary conditions on 
cp(X’, Z ) :  

cpw, 0) = dx’ ,  4 = cpK, 2’) = d x u ,  2’) (28) 
along with Eqs. (6 and 25) was also solved numerically. To solve these 
equations all the derivatives from Eqs. (12b) were replaced by difference 
operators, dependent on 6 and cp functions in the partition points. The 
accuracy of the solution of the linear equation system Eq. (9) and the difference 
scheme convergence was controlled by changing the sampling step along X’, 
and Z’. 

EXPE R I M ENTAL SET- U P 

In the experimental matrix space-light modulator3 a NLC layer with L = 20 
um was placed between two polished quartz substrates having the dimensions 
20 x 40 mm2 and with tin dioxide transparent electrode stripes deposited on 
the substrates (8 “x” electrodes and 8 “y” electrodes). The electrode stripes 
were 2 mm wide (d = 2 mm), and the distance between them was 100 pm. We 
obtained a homogeneous alignment of the NLC layer by rubbing the sub- 
strates along “x”-electrode. 

Obviously, at fixed AO, the greater the thickness L, the more accurately is 
fulfilled condition Eq. (13). Indeed, the calculations show that the largest 
value of 6 is obtained at X < 0 in the centre of the layer, so 

(29) sin e,,, cc L -  lI2 
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BEHAVIOUR OF NEMATIC LIQUID CRYSTALS 20 1 

where 
6, = max(6(x, z ) }  = 6 - (30) 

l L 2  

An increase of the thickness L to the values more than 30 pm becomes con- 
tradictory to the condition Eq. (3) as the distance C is small in the present 
sample. For a closer correspondence of the experimental conditions to the 
calculations, cells with special configurations of the transparent electrodes 
were used. A solid SnO, electrode was placed on one of the cell substrates. 
The other electrode occupied only quadrant of substrate surface and had the 
form of a rectangle (8 x 10 mm2) with the sides parallel and perpendicular to 
the direction of molecular alignment in the NLC layer. The NLC layer was 
either 20 or 44 urn thick in such cells. 

In the experiments, we have used a NLC which is an eutectic mixture of 
three n'-cyanophenyl ethers of n-alcylbensoic acids with the melting point 
T,, of about 18"C, and a clearing temperature T,, = 70°C. Mixture param- 
etersL3 are listed in Table I. The same parameters have been used for calcula- 
tions. 

The scheme of the experimental installation is presented in Figure 3. A 
He-Ne laser beam 1 passed through polarizer 2, liquid crystal cell 3 (used as a 
controlled compensator) and was normally incident upon the experimental 
sample. A 100 times magnified image of the NLC layer was formed by the 
microscope objective 7. 

The voltage on the cell-compensator electrodes is chosen for AQc phase 
retardation of the light passing through the compensator to meet the con- 
dition : 

where AQmax, is determined by expression 8. 
AQc # AQmax = 2714 n = 0, 1 , 2 , .  . . (31) 

TABLE I 
NLC mixture parameters at 25'C 

Dielectric constants 

Dielectric anisotropy 

Elasticity constants (poise) 

Viscosity coefficient (dyne) 

Threshold voltage-effect (B) 

Refractive indexes: 
Common 

ncommon 

31 
9.26 

21.74 

0.675.10- 
1.050.10- 
1.5 10. 

2.5 

0.59 

1.509 
1.654 
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202 V. G. CHIGRINOV, I .  N. KOMPANETS, AND A. A. VASILIEV 

FIGURE 3 Scheme of an experimental installation. 1 -laser; 2-polaryzer; 3-LC cell (com- 
pensator); 4,h-controlled AC voltage generator; 5-experimental sample; 7-microobjective 
x 10; 8-analyser; 9-photomultiplier; 10-variable resistor of the shift detector; 1 I-dc amplifier; 
12-two-coordinate recording potentiometer. 

When polaryzer 2 and analyser 8 are crossed, condition Eq. (3 1)corresponds 
to the intensity minimum of the experimental sample image with no voltage 
applied to its electrodes. For an electrode voltage V, the intensity I in the P 
plane is: 

I = I, sin2 A@ ~ ; ( xr) 
where x is the coordinate in the NLC layer plane, the scale factor m is equal to 
the magnification of the optical system; and I,, is the maximum measured 
intensity. 

The light intensity spatial distribution in the magnified image ofthe transient 
region was measured by means of moving along the x-axis photomultiplier 9 
whose entrance pupil diameter was about 50 um. The variable resistor 10 was 
used as the position detector, and its signal was applied to the “ X ”  input of 
the two-coordinate recording potentiometer 12. The photomultiplier signal 
was applied to the “ Y ” input of the potentiometer through the dc amplifier 11. 

RESULTS 

The theoretical and experimental curves for phase retardation distribution in 
the transient region of the sample under investigation are plotted in Figure 4 
for “a” and “b”  cases. Good agreement is achieved in case “a” between the 
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BEHAVIOUR OF NEMATIC LIQUID CRYSTALS 203 

-c 

-46 
FIGURE 4 Phase retardation distribution in the transient region: a-the electrode boundary is 
perpendicular; b-the electrode boundary is parallel to  the initial director orientation; calculated 
curves(dense) 1 and 3-L = 20 pm;  2 and 3-L = 44 urn. Experimentaldata: 0 and A L = 44 urn, 

and x L = 20 um. 

calculated curves (dense curves) and the experimental results which are 
obtained by means of recalculating the intensity distributions in formula 
Eq. (32). Averaging was performed for data obtained in different parts of the 
transient regions in two experimental samples. Averaged distributions 
were approximated by exponents with the help of least squares fitting. 
Approximation was performed numerically by a computer (see, for ex- 
ample).I4 Discrepancy in the calculated and experimental data does not 
exceed the experimental error of 12 %. As seen from diagrams, the width of 
the transient region, which was measured as the length of the curve drop 
A@(x)/n from 0.99 to 0.01 (for the case “ a ” )  was approximately equal to the 
layer thickness L. However, the intensity transient region is somewhat 
narrower and constitutes according to the same criterion 0.6L. The shape 
of the phase retardation curve drop is very close to the exponential one. 
Maximum slope of the curve is observed in the vicinity of X’ = 0. 

In the case “b” the calculated values ACD(x), described in coordinates 
X / L ,  practically coincide for the both values of L. Also the theoretical 
width of the transient region does not exceed 0.2L. This may be probably 
explained by a small value of the “source function” in the system of Eq. (12b), 
namely D
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204 V. G. CHIGRINOV, I. N. KOMPANETS, AND A. A. VASILIEV 

Due to assumed small values of the angles 0 and cp these terms are small 
everywhere, except some area in the vicinity of the point with coordinates 
x = 0, Z = L. However, since the layer thickness is 20 um, 0, - 26”, and 
condition Eq. (13) is violated. Satisfactory coincidence with the experiment is 
observed only at the thickness L = 44 um, when 0, - 17”. 

The source function for the Eq. (12a) in the case “a” is equal to 

which in linear approximation does not depend on angle 0. Therefore, good 
agreement of experimental data with the calculated ones is observed for both 
thicknesses of NLC layer. 

The source functions in Eq. 12 are directly proportional to dielectric 
anisotropy. This implies that the width of the transient region must increase 
with the increase of A&. The dependence of the resolution on the value of 
dielectric anisotropy has been proved by experiments with the liquid crystal- 
photoconductor structure.’ 

The solution of Eq. (12a) is nontrivial even at zero boundary conditions, 
when O,(Z’) = 0 (see Eq. (16a)), Here we come to an important conclusion 
that in the case “a” there is no threshold for NLC deformation in the electric 
field. This may be caused by the presence of a non-zero electric field com- 
ponent E x  along the initial orientation of the director. Together with the 
results of other published theoretical’ and experimentalI6 papers, this fact 

I 
4 

-1 - 0.s 0‘ 0. S I - x / L  

FIGURE 5 The dependence of the phase retardation as a function of the coordinate X for the 
case “ ” at voltage 0.295 V on one of the cell electrodes. This is the no threshold case. 
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BEHAVIOUR OF NEMATIC LIQUID CRYSTALS 205 

FIGURE 6 Transient image in crossed polarizers at different voltage on matrix SLM electrodes. 
The case “ a ”  is realized at horizontal boundary; and “ h ”  case is realized at vertical boundary; 
1 - Vo = O;Am0 = 0;2 - Vo = 0.295 V(nothresholdin“a”case;3 - Vo = 0.714V;AQO = n; 
4 - Vo = 0.965 V ;  A@o = 2n. 

allows us to make general conclusion, that irrespective of the deformation 
character (splay, bend, twist) the threshold voltage exists only when the 
electric field does not have a component parallel to the direction of the largest 
dielectric constant for the NLC in an unperturbed state. In the case “b” the 
electric field is perpendicular to the initial orientation of the director and the 
threshold voltage exists. 

In Figure 5 we have presented the dependence of the phase retardation as a 
function of the coordinate X (for the case “a”), which was calculated at 
voltage P&,2 = 0.295 V on a semi-infinite cell electrode with the NLC layer 
thickness being 20 um. The curve has its maximum in the vicinity of the 
electrode boundary X ’  = 0, where the calculated values of the electric field 
component 

become infinite. The absence of the threshold in the case “a” is also confirmed 
by a photo presented in Figure 6.’ 
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CONCLUSION 

V. G. CHIGRINOV, I. N. KOMPANETS, A N D  A. A. VASILIEV 

In the present paper the deformation of a homogeneously aligned NLC layer 
in an inhomogeneous electric field of a semi-infinite capacitor is theoretically 
and experimentally studied. The calculation and experimental results show 
that the maximum available resolution of matrix-addressed phase space-time- 
light modulator, which is based on NLC field effects, is determined by the 
dielectric and elastic properties of the liquid crystal, and by the boundary 
conditions on the layer surface. The width of the transient region at the bound- 
ary of the switched on SLM element does n'ot exceed the width of the NLC 
layer. The different initial director orientations relative to the electrode 
boundary, and the anisotropic interaction of the electric field and the NLC 
layer are responsible for the anisotropic nature of spatial resolution. 

Despite the limited application of the theoretical model (deformation 
linearity, certain arbitrariness in choosing boundary conditions for solving 
the initial equations, no evaluation of the influence of neighbouring SLM 
electrodes on resolution) the shape and width of the transient region obtained 
by calculations are in good accord with the experimental data. 

Common properties intrinsic to all field effects in NLC enable one to hope 
that the theoretical model and experimental technique considered will be 
useful for determining resolution capacity of liquid crystal devices using 
different field effects and addressing techniques. 
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